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An approximate equation has been derived for the thickness of an ice l ayer  during growth, 
and a compar ison  is made with experiment.  

Heat calculations and heat exchangers  for agr icul tural  buildings require determination of the thick- 
ness of the l ayer  of ice result ing from condensation of water vapor  [1, 2]; the thickness of this layer  var ies  
with the outside tempera ture .  

Here we solve the equations of thermal  conduction with a moving phase- t rans i t ion  boundary to d e t e r -  
mine the thickness as a function of t ime (we neglect the thermal  res is tance  of the metal  wall involved in 
the condensation). 

This ice grows by condensation of water  vapor  (t~ = 283~ relative humidity ~ + 80%), which subse-  
quently f reezes ;  this resul ts  in a two- layer  medium (water- ice) ,  and the surface of the water  layer  has the 
dew-point temperature ,  which cor responds  to the above p a r a m e t e r s  of the inside air .  However, to simplify 
the t rea tment  we assume that the layer  of water is infinitely thin, i.e., the latent heat of condensation and 
that of solidification are released at the phase- t rans i t ion  boundary (we neglect the heat  t r ans fe r  between 
the internal a ir  and the surface of the water  at the dew-point temperature) .  

The mathematical  problem is to solve the thermal-conduct ion equation with the appropria te  initial 
and boundary conditions (the x axis is perpendicular  to the hea t - t r ans fe r  surface,  x = O, and directed in the 
sense of growth of the ice layer):  

pc Ot O'-t 
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aT ax" 

tl~=o = O, t2) 

tL=~ = o, (3) 

O[ I = 9 ( r - F r x )  d~ 
/~ O-x-+ (;~=~ d~-' i4) 

- z o t j = ~._, (t., - G=o) .  (5)  
Ox x=o 

The tempera tu re  t 2 of the outside air  var ies  as follows [3]: 

t.~ := tav-- b cos .~r, 

where b is the amplitude of the fluctuation. 

We use an integral method [4, 5] to solve the problem. 

(6)  
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We i n t e g r a t e  both s i d e s  of (1) with r e s p e c t  to x:  

j" ot ot or{ 
pc - -  d x =  ~, - - I  - - )~  - -  

O~ Ox I~=~ Ox L~=o 
o 

o r ,  u s i n g  (3)-(5) and e x t r a c t i n g  the d e r i v a t i v e  with r e s p e c t  to 7 f r o m  the 
i n t e g r a l  on the le f t ,  we have  

d ~ , Q) d~ , ( t__/ ix=o)" (7) pc ~ tdx = p (r -v - ~  • % 

0 

W e  i n t e g r a t e  (7) with r e s p e c t  to ~': 

( i t l d x - -  ~ r - -  r 1 - -  % L~dz ~ % ~!x=od'c -F B .  ( 8 )  
,) c 9c o pc 
0 

The func t ions  t and t t x =  0 in the  i n t e g r a l  t e r m s  in (8) a r e  unknown; the  s ign i f{cance  of the i n t e g r a l  
m e t h o d s  in such  p r o b l e m s  i s  [4, 5] tha t  t hey  p r o v i d e  a m e a n s  of c h o o s i n g  a va lue  fo r  t (x,  7) c l o s e  to  the  
t r u e  one.  Then  the  v a l u e  of  the  i n t e g r a l  of t h i s  func t ion  wi l l  d i f f e r  only  v e r y  s l i g h t l y  f r o m  the  t r ue  v a l u e .  
S ince  the  p h a s e  f r o n t  m o v e s  s l o w l y  in the  p r e s e n t  c a s e ,  we wi l l  a s s u m e  tha t  the  t e m p e r a t u r e  d i s t r i b u t i o n  
d i f f e r s  on ly  s l igh t l ' y  f r o m  the  c o r r e s p o n d i n g  d i s t r i b u t i o n  fo r  d~/dr = 0, so  ~ve s u b s t i t u t e  the so lu t ion  to the  
fo l lowing  p r o b l e m  into the  i n t e g r a l  t e r m s  in (8): 

Ot O'2t = a - -  (9) 
aT Ox z ' 

tl~= ~ = o, ( l o )  

~ t - -  - -  = % (& - -  t t x = o ) ,  ( 1 1 )  
Ox Jx=0 

tl,=o =0 .  (12) 

To s o l v e  (9)-(12) we p e r f o r m  a L a p l a c e  t r a n s f o r m a t i o n  with r e s p e c t  to T; we use s e r i e s  e x p a n s i o n s  
fo r  the h y p e r b o l i c  s i ne  and c o s i n e  and a p p l y  the  e x p a n s i o n  t h e o r e m  [6] to  ob t a in  the  fo l lowing ( s ince  
/ a  << 1, and  thus  the  p h a s e  s h i f t  and a m p l i t u d e  change  a r e  p r a c t i c a l l y  z e r o ) :  

an (tav-- b cos (or) (~ - -  x). (13) 
t ~ ,  (1 + Bi)~, 

(Z9~ 

We s u b s t i t u t e  (13) into (8) to  g e t  

~.z ( t a r - -  b cos co~) - -  ~ [ r_ 
2(1  -F b'i) [ c 

b 
tav- -  - -  sin (ox 

% ~.z (o % t{t--i . . . .  lay �9 sin(o~ + B .  (14) 
pc )~ 1 -~- Bi pc 9c , (o ,, 

I t  can  be shown tha t  the  t e r m  q u a d r a t i c  in ~ in (14) i s  much  l e s s  than  the o t h e r s ,  so we have a p p r o x i -  
m a t e l y  tha t  

[ 1 a_A 2 ta v ( ~ _ % ) _ _ b  (sin(ox--sino)%) + B  
pc (o 

ao Itav(~--To)--b(sin(ov--sin(oTo) ] (15) 
F -:~ r 1 o2. 2 - ( o  

c 9c 9~ (I -i- Bi) 

w h e r e  B i s  de f i ned  f r o m  the  c o n d i t i o n  ~ = 5 a t  T = To: 

B : 6 2 a2 (tav-- b cos (o'~o) - -  6 
2~(1 ~- Bi) 

r - i -  r z t" ~ r 1 
( 1 6 )  C C 

F i g u r e  1 shows  c a l c u l a t i o n s  f r o m  (15) and m e a s u r e m e n t s  f o r  the  i c e - l a y e r  t h i c k n e s s  a s  a funct ion of 
the  o u t s i d e  a i r  t e m p e r a t u r e ;  we use  the fo l lowing  i n i t i a l  v a l u e s :  )~ = 2.33 W/m . d e g ,  p = 900 kg /m  3, a = 4.45 
�9 10 -3 m2/hr ,  c = 2093.4 J / k g . d e g ,  ~1 = 26.75 W / m  2 . d e g ,  ~2 = 31.4 W / m Z . d e g ,  t 1 = 283~ tav = 267~ r 1 
= 2.257 "106 J /kg ,  r = 3 . 3 5 . 1 0 5  J /kg ,  b = 263~ 
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In spite of the assumptions and simplif icat ions,  the calculations f rom (15) agree sa t i s fac tor i ly  with 
experiment.  

N O T A T I O N  

t 2 is the outer air t empera ture ;  
tav is the average tempera ture  of outer air;  
t~ is the temperature  of inner air;  

is the time; 
Bi is the Blot number;  
a is the thermal  diffusivity; 
5 is the initial thickness of ice layer;  

is the coordinate of phase-change boundary; 
k is the thermal  conductivity; 
r is the latent heat of fusion; 
r 1 is the latent heat of evaporation; 
c is the specific heat; 
p is the density; 
a s is the hea t - t r ans fe r  coefficient;  
w is 

in 
the frequency of temperature fluctuatios of outside air; T = 24 h, period of temperature fluctuations 
outside air. 
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